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Abstract. We investigate extended processes given by last-passage times in 
directed models defined using exponential variables with decaying mean. In 
certain cases we find the universal Airy process, but other cases lead to non- 
universal and trivial extended processes. 



1. Introduction and results 

Let w(i,j) be independent exponential variables with parameter ti + tj, where 
tj > are given numbers, i.e. 

(1.1) PK*,j) >x] = e -^ +t ^ x , 

i,j > 1. In this paper we will consider the case when ti = i a , < a < 1. Other 
models with varying parameters have been studied in [5] . Consider the last-passage 
times G(m,n), m,n> 1, defined by 

(1.2) G(m, n) = max > w(i,j), 

where the maximum is over all up/right paths n from (1, 1) to (m, n). This means 
that 7r = ((i k , jfc))™^™ -1 , where = (1,1), {i m+n -x, jm+n-i) = (m,n) and 

(ik+i,jk+i) - (ik,jk) = (0,1) or (1,0). 

It was proved in [6] that if U + tj = 1 for all i,j > 1, then for m > n, 



(1.3) 



i r - 
»[G(m, «)<£] = —/ [] ( x » - IT ^""e-^d^, 

^m,n J [0,£1™ , ^ , ^ ■ i 



which is the eigenvalue density in the Laguerre random matrix ensemble. This leads 
to the formula 

(1.4) P[G(m, n) < £] = det(J - # m ,n)^,oo) 

for the distribution function, [12] . Here 

= ^p^\x)pp- n \y)(x m -»e-"y m - n e-y) 1 '*, 

3=0 
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where pj , j > 0, are the normalized Laguerre polynomials. The formula (j 1.4)1 was 
used in [6] to show that 

(1.5) Pl ^Xvs" ^ ^^) 

asn— >oo,m/n— >7>1, for some explicit constants c, d. Here i*Tw(£) = 
det(I — ^4)l2(£ )00 ) is the Tracy- Widom distribution and 

POO 

A(x,y)= / Ai (x + t)Ai(y + t)dt 
Jo 

is the Airy kernel. 

In the general case with arbitrary tj > there is no formula like (|1.3[) which 
relates the distribution of G(m, n) to a random matrix ensemble. However we still 
have a formula like (|1.4|) with an explicit correlation kernel, see (|1.10)1 below. 

P. Forrester has noted that if we take tk = k + j3, /3 > — 1, then we also have a 
limit law but with a different limiting distribution related to the distribution of the 
smallest eigenvalue in a Laguerre ensemble (hard edge limit): 

(1.6) P[G(n,n) -21ogn < £] - det(7 - K ) L2{too) = Up(£) 
as 7i — ► oo. The kernel -fT^ is related to the Bessel kernel, 

(1-7) K a (x,y) = , 

by 

(1.8) -L/^ (log i, log i) = 4X 2 B ^f (4u, 4«). 



Note that although the limit in Q1.6P is related to a universal distribution function 
from random matrix theory the limit should be thought of as non-universal, since 
a small perturbation of the distribution of the w(i,j)'s (perturbing (3) changes the 
limiting distribution. In [2\ it is proved that 

lim [/ (3 (-21og(4/3) + (2/3)~ 2 / 3 s) = F TW (s). 

p— >oo 

It can also be shown that, 

This follows from formulas in [3]. Hence the family Up(£) interpolates between the 
Gumbel and Tracy- Widom distributions, compare [IT] . 

We can also consider the process k — * G(N + k, N— k), \k\ < N. In the case when 
U + tj = 1 for all i,j> 1 this process, appropriately rescaled in a neighbourhood 
of the origin, converges to the Airy process. In the case when the w(i,j) are 
geometric random variables this is proved in [9], but the proof could be modified 
to the exponentual case. P. Forrester has raised the question [3] what happens in 
the case tj, = Sj = i + j$ ? What kind of extended limiting process do we get, an 
extended Bessel kernel process? In fact it turns out that we get a trivial extended 
process meaning that G(N + k%, N — ki) and G(N + k2, N — k^} have the same 
fluctuations for k\ and k^ far apart (of the order N). One of the results of this 
paper is a proof of a weak version of this result. We will discuss the weak version 
below, but first we will give a brief heuristic motivation why we can expect a trivial 
extended process. 
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If wc forget about the maximum in (|1.2|) we are summing independent exponen- 
tial random variables with smaller and smaller variance, the parameter increasing 
linearly. Let Xj, j > 1 be independent with distribution Exp(j). Then 



so we can expect a logarithm in the mean, which is exactly what we see in (|1.6[) . 
Consider now the variance, 



This means that the contribution to the fluctuations should come from the w(i,j)'s 
with i + j small. But these will contribute the same fluctuations to almost all the 
points on the line i + j = n, when n is large, and hence almost all points on this 
line should have the same fluctuations. 

Note that if we instead take the Xj's to be independent with distribution Exp(j a ), 
< a < 1, we get 



so we can expect a difference between the cases a > 1/2 and a < 1/2. 

The variance in (|1.9p really corresponds to moving along the axes, i.e. considering 
G(j, 1) or G(l,j), j > 1. We know from the case U = 1 that as we move from the 
axes to the diagonal there is a reduction in the fluctuations exponent from 1/2 to 
1/3, i.e. by 1/6. It is reasonable to expect a similar reduction in the caes when 
ti = i a . Hence, the fluctuation exponent should be max(0, 1/3 — a), which indicates 
a change when a = 1/3. The above heuristics indicates that if we choose ti = i a 
we can expect changes in the behaviour when a = 1/2 and a = 1/3. We will see 
below that this is indeed the case. 

The probability measure which is the product measure of (|l.lj) for € i + 
j < 2N, can be mapped to a determinantal point process on {— N+l, . . . , N— 1} xM 
with a last particle x r maK on each line {r} x K, and such that G(N + r, N—r) = x^^, 
\r\ < N. This can be proved by modifying the argument for the geometric case in 
sect. 5 of [10] or by taking an appropriate limit of the geometric case. The resulting 
determinantal process has the correlation kernel 

(1.10) K N (r,x;s,y) = K N (r,x;s,y) - (f> riS (x,y), 





II 



n 



(1.9) 




where 



(1.11) 




and 



(1.12) 




if r < s and (f> r _ s = if r > s. Here, 



(1.13) 



F(z,w) 



Yf k X r {i + z/t k )Y\ N k ^{i + w/t k ) 

nl7(i-*/*fc)n;£i'(i -«/**) 
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and r = -r_ + r+, where T± are given by t -> ie ±47r / 4 , t > 0. 

We want to consider scaling limits of the correlation kernel Kn when ti = i + (3 
and ti = i a , < a < 1. Define 

W+r 1 JV-r 1 

(i.i4) = £- + £-, 

fe=i * fe=i fc 



(i.i5) G 1)/3 (^=n(i 



k=l 



k + f3 



e z/k+/3 



(i.i6) G Q (z)=n(i-^) e z/fcQ , 

for 1/2 < a < 1 and 



fc=i 



e z/k a +z^ /2k° 



(1.18) A~jy(r, a; + cjv, r ; s, 2/ + cjv.g) -> /0 \o [ dw f dz- 



k=l 

for 1/3 < a < 1/2. We then have the following theorem. 

Theorem 1.1. a) If U = i + [3, [3 > -1 or U = i a , 1/2 < a < 1, i > 1, then 

e -xz-yw g(-z)G(-w) 
' z + w G(z)G(w) ' 
uniformly for x and y in a compact set, as N — \r\ — > oo and JV — |s| — > oo, w/iere 
G = Gi^ and G ~ G a respectively. Furthermore, for any f such that f and f 
belong to L 1 (R), 

(1.19) / f(x)<j) riS (x + c N<r ,y + c N . s )dx -> /(y) 

as iV — |r| — > oo and TV — |s| — > oo. 

b) Let U = i a , i > 1, 1/3 < a < 1/2. Sei r = [TVtanhr], s = [TVtanhcr] if 
a =1/2 and r = [Nt], s = [Na] if 1/3 < a < 1/2. Then, 

(1.20) 

and 

(1.21) <Ma; + c a^> V + cat.,) -> e -(y-*) 2 /4(<r-T) 

\J Att{<7 — T) 

uniformly for x, y, t,o~ in a compact set as N — > oo. 

c) Let U = i a , < a < 1/3, i > 1. De/ine o! w = (21og7V) 1 / 3 if a = 1/3 
and d w = 2 1 / 3 (1 - 3a)- 1 / 3 iV 1 / 3 "", if < a < 1/3. Then, with r = [d 2 N N 2a r], 
s = [d 2 N N 2a a], 

(1.22) 

d N e T3 ^ 3 / 3 -^+^K N (r, [c N , r + d N (£- r 2 )]; r, [ CA r s + d N ( V - a 2 )}) -> A(r, £ a, n) 
uniformly for a, r, £, 77 in a compact set as N — > oo. //ere 

1 J l-J^e-^- >Ai(£ + A)Ai(r, + A)dA, r <0 - 
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is the extended Airy kernel. 

The proof of theorem 1 1.1 1 will be given in section |2"TT1 It would be possible to con- 
sider more general sequences of parameters (ij)j>i with similar growth behaviour, 
but we will not do that here. 

Remark 1.2. Let Kp(x,y) denote the right hand side of (|1.18p . with G = 
Set 8 — 2Q2kLi l/k(k + j3) — 7), where 7 is Euler's constant. Then, 

(1.23) -^KpQog - + S,log - + S) = AKf^f (4u, 4v), 



iuv U V 

which relates to the limit (|1.6[) . 

As we will argue below we should interpret the result a) in the theorem as saying 
that we have a trivial extended process in the limit, i.e. corresponding points at 
different lines in the determinantal process will have identical fluctuations. Note 
that in case a) we have fluctuation exponent 0, transversal correlation exponent 1, 
and a non-universal limit in the sense that the limiting correlation kernel depends 
on the tiS. In case b) we still have fluctuation exponent 0, but the transversal 
correlation exponent varies as 2a, and we have a non-trivial and non-universal 
limiting process. Finally, in case c) we have a varying fluctuation exponent 1/3 — a, 
the transversal correlation exponent equals the standard value 2/3, and we have a 
universal limiting process, the Airy process. In this case the specific choice of the 
ii's is not seen in the limit. 

The limiting kernel given by (|1.18[) and (| 1 . 1 9[) can be written as 

(1.24) K(r, x; s, y) = K(x, y) - S(x, y)n rs , 

where r/ rs = 1 if r < s and = otherwise. Consider a point process that lives on 
two lines, denoted 1 and 2. Denote the particles on the first line by Xj and those 
on the second by yj . That the processes on the two lines are identical should mean 
that 

(1.25) Eina-^^nt 1 -^))]^^ 

3 3 3 

for any continuous (j>\, $2, < 4>i < 1 with compact support. Let z — (i, x), i = 1,2, 
be a point on any of the two lines, and set 4>{z) = <j)(i, x) = <fii(x). Assume that the 
point process on both lines with points {zi} is determinatal with correlation kernel 

(1.26) K cxt (i,x;j,y) = K(x,y) - 5(x - y)r) it j. 
Then (fl~25|) will hold formally if 

(1.27) V Tr (K cxt </>) m = E — Tr TOi + ^ + ^</>2)) m , 

m— 1 m— 1 

since this is what we formally get if we take the logarithm of both sides in (|1.25|) 
and use the basic properties of determinantal processes, [T2]. The identity (|1.27p 
is, at least as a formal identity, of combinatorial nature and will be discussed in 
section [ 
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2. Proofs 

2.1. Proof of theorem 11.11 We will use some notations, formulas and estimates 
from the theory of entire functions. Set 

E(z- lP ) = (l-z)e z+z2 / 2+ - +zP / p 

and 



M 



k=i r fc 

so that c^v.r = c 7v+ r + c 7v-r- Furthermore we write 

M M 

hm(z) = j2 l °g E (-j-> ^ = 12 + - z i tk - 

k=l k k=l 

Introduce the counting function n(t) — #{fc > 1 ; % < t}. We have that n(t) = 
max([t — 0\, 0) if ^ = i + /3 and n(t) = [t 1 /"] if ij = i a , where [•] denotes the integer 
part. The following estimate is standard 

(2.1) \]ogE(z;p)\< ^kr 1 



if \z\ < q < 1, lj. Integration by parts gives the following identities 

(2.2) H M (z) = M]o B E(~; 1) - z 2 /*" ^-^dt, 

tM Jo t 2 (z + t) 

(2.3) H M (z)^MlogE(-^;2)~^ + z 3 f" -gL-dt, 

t M 2 J t A (z + t) 

(2.4) H M (z) = Mlo g E(-^;3)- C -fz 2 + C -fz 3 + z i / ~^-dt. 

t M 2 3 J ^(z + t) 

It follows from (jTTTT|) that 

K N (r, x + cjy, r ; s, y + c NtS ) 

(2.5) = — i— / du> / dz- e Jr„ +P (*)-ff JV _ r (-«)+ff, f _.(»)-fl- J r + .(-») < 

(2Tn) 2 J r J r z + w 

Write z = ue ±l7T / 4 , u>0. Set /(it) = log(l + u 2 + u-y/2) - it\/2. Then, by (j2~2)) . 

1 7 V 1 2 J H M ] V2Jo t 2 {t 2 + u 2 + utV2) 

for u > 0. Note that /'(«) < and /(0) = 0, and hence f(u) < for u > and 
/(w) > for u > 0. Together with this gives 

Re [-iz + H N+r (z) — H N - r (—z)] 
(2.7) 



~ V2 V2 



-dt+ / — ^di 



t 2 (t 2 +u 2 + utV2) Jo t 2 (t 2 + u 2 -utV2) 
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Lemma 2.1. Let U = i + ft or U = i a , i > 1, < a < 1, ft > — 1. Set p(u) = log it 
and r(u) = u 1 /™" 1 respectively. There are constants C and D, which only depend 
on a or ft, so that, for all sufficiently large M , 

f tM n(t) 

(2.8) u 3 —— ¥ -=-dt>Cup(rmn(t M ,u)) 



t 2 (t 2 + u 2 +utV2) 



ifu>D. 



Proof. Consider the case ti = i + ft, so that n(t) — [t — ft}. Note that , if tu > 
2(0 + 1), then the left hand side of is 



(2.9) > 



u 3 



dt 



2 7 2 (/3+i) t{t 2 + u 2 + utV2) 



If u > £mj then i < £^ < u, and hence i 2 + u 2 + uty2 < (2 + ^/2)u 2 , and we see 
that the expression in (12. 9|) is 



u f tM dt u t M 

- w^m d, t = log 2(^+1) - cm ' m) 

if M is sufficiently large. In the case ti — i a we get similarly that the left hand side 
of (EU) is 

for all sufficientlty large M. Assume now that D < u < tu with a suitable D. If 
D> 2(0 + 1), then the expression in ([23]) is 

u 3 r dt u r dt „ , 

>— / > ^ / — > Culogu, 

" 2 7 2((3+1) t(ta + u 2 + ut ^2) - 2(2 + y/2) y 2 (/3+i) * " 

if we choose -D sufficiently large. The proof for ti — i a is completely analogous. □ 

Assume ti — i + ft or ti = i a with 1/2 < a < 1, and that x and y belong to a 
compact set. It follows from (|2.7[) that 
(2.10) 

j ,- xz+HN+r{z) -H N _ r{ - z) > < _^_^ u 3 /" % - ,r| „ 

1 V2 7o i 2 (< 2 + u 2 + W2) 

Suppose that |x/V2| < K for some constant K. From lemma HOI we see that the 
right hand side of PTTH)) is 

(2.11) <Ku-Cup(mm(t N _\ r \,u)) 

if u > £) and n — |r| is sufficiently large. We can thus choose L so that if u > L 
and M is sufficiently large, then 

(2.12) ^ e -xz+H N + r (z)-H N - r (-z)^ < e -« 

for 2 = ue^™/ 4 . The same type of estimate can be done for the iw-part. 
It follows from (|2~Tj) , (T2~2")) and a > 1/2 that 



lim e HM(z) = TT(1 + — )e 
fc=l K 



Z * -z/t k 



8 



K. JOHANSSON 



uniformly on compact sets. From this and the estimate (|2.12|) we now see that we 
can take the limit in the integral (12. 5|) as N — \r\ and N — \s\ both tend to infinity 
and obtain the right hand side of (|1.18|) with Gi.p or G a . 
We also want to prove (|1.19p . Suppose r < s and set 

Vv, s (i) = 77- / e iXt F NirtS (X)dX, 

where 

N-r _^ N+s 

(2.13) F JV , ns (A)= n ^AA^T) n E(-iX/t k ; 1) ' 

so that <frr,s(x + Cjv,D y + cat.s) = ipr,s(y — %)■ Thus, 

f(x)4> r ,s(x + c Nyri y + c N:S )dx = -!- [ e iXy f(X)F N ^ s (X)dX. 

2tt J r 

Note that |F(±iA/t fc ; 1)| = (1 + A 2 /^) 1 / 2 > 1 and consequently |Fjv,r, s (A)| < 1 for 
all A £ 1, By dominated convergence it now suffices to show that -Fjv>,s(A) — > 1 
pointwise as iV — |r| — » oo, TV — |s| — ^ oo, since we assume that / G L 1 (IR). 
It follows from (J2ISJ) that 

N-r 

logE{iX/t k ;l) = 

k=N-s+l 

(2.14) 

(N - r) log E(iX/t N - r ; 1) - (N - s) log E{iX/t N - s ; 1) + A 2 / „./ ; dt. 



t 2 (t-iX) 

For a fixed A and N — r large it follows from (|2.ip that 

AT — r 

(TV - r)| log£(iA/%_ r ; 1)| < 2A 2 -5 = 2A 2 (iV - r) 1 ' 2 *, 

%-r 

which ->0asJV-s->oo since a > 1/2. The second term in (I2.14p is treated 
similarly. The third term is estimated as follows 



^ -dt 



t 2 {t-iX) 



: tN - r n(t) , 



as N — s — > co, since = [t — /3] or n(t) = [t 1 / ] with a > 1/2. Similarly, we can 
show that 

N+s 

log£(-*A/t fc ;l)->0 

h=N+r+l 

as N — |r| — > oo, iV — |s| — > oo. 

Consider next the case when 1/3 < a. < 1/2. 

Assume that x and j/ belong to a compact set and that r — [rN 2a }, s = [aN 2a ], 
or r = [iVtanhr], s = [iVtanher] in case a — 1/2, where cr, r belong to a compact 
set. We use again the formula ()2.5|1 for i"Qv and the estimate (|2.10|) . We see that 
N — \r\ > N/2 if N is sufficiently large in case 1/3 < a < 1/2. the expression in 
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(|2.10|) is bounded by (12.111) by lemma I2TT1 with r(u) = u x l a 1 , and again we obtain 
the estimate (|2. 12|) for z = ue ±l7T ^ 4 and u> D with a suitable D. We can write 



M 

_ (2) 2 

e Cm z 



e h m (z) = Y[E(-z/t k ;2) 

fc=i 

Hence, 

ntT«;2) 

Since J^fcLi V*fc < oo it follows from the theory of canonical products that 

M oo 

lim TT E(±z/t k ; 2) - TT £7(±»/t*; 2) = G q (tz), 

M^oo A A A A 

fc=l fc=l 

uniformly on compacts. Now, ifl/3<a<l/2, 

N+\r\ 

k 2 



(2) (2) / n 1 



&=JV-|r|+l 
iyl-2a 

~ -sgn(r) T -^ [(1 + Irl/iV) 1 - 2 " - (1 - M/AO^ 2 "] - -2t 

as iV — > oo. The case a = 1/2 is analogous. This proves (|1 .20|) . 

We also want to show (ll.2ip . Suppose that r < s and consider (j> r>s . We can 
write 

4>r,a(x + C N . r , y + C N<S ) = A,s(y ~ x), 

where 

i>r,.(f) = IT I e iXt F N ^ s {X)dX, 

and 

F N , r ,s(X) 

N-r N+s N-r N+s 

11 E(iX/t k :2) 11 E(-iX/t k ;2) 11 11 

fc=jV-s+l V ' ' ' k=N+r+l y k=N-s+l fc=iV+r+l 

From the convergence of the canonical products we see that 



N-r ^ N+s 

N^oo II E(iX/t k :2) n E(-iX/t k : 2) ~ 1 

k=N-s+l k=N+r+l V 

for each Ael. If 1/3 < a < 1/2, then 

V J- V J_„fcl)„* i 

fe=JV-s+l fc=AT+r+l 

as N — ► oo. Since ct > t it follows that 

-t 2 /4(<x-r) 



lim ^-j.hw-lCt) = ^ / e^-^^dA = — L 

27T J R \/47r(<7 



= e 



and we have proved (jl.21| . In the case a = 1/2 we similarly get (|1.2ip using the 
new expressions of r, s in terms of r, cr. 
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It remains to treat the caes < a < 1/3. Again our starting point is the formula 
(|2.5p and we will use the estimate (|2.10|) . However, we need a new estimate of the 
integral in (|2~TU|) . 

Lemma 2.2. Assume < a < 1/3. If u > tu, then 
(2.15) u 3 f " ^ -=dt > CuiM 1 - 01 - 1) 



o t 2 (t 2 +u 2 + utV2) 

for some constant C > that only depends on a. IfO < a < 1/3, there is a constant 
C, which only depends on a, such that for < u < tM, 
(2.16) 



u 3 



W dt > c 



t 2 {t 2 + u 2 +utV2) 



i x l a -u 3 M 1 - 3a -max(u, l)V«-3 



1 — a 1 — 3a 



If a = 1/3, i/iere is a constant C such that for < it < £m, 
(2.17) u 3 ^ ^dt > Cu 3 log * M 



o t 2 {t 2 +u 2 + utV2) ~ max(w,l)' 
Proof. If u > ijif , then using t 2 + u 2 + ut\f2 < (2 + \[2)u 2 we get 



u 3 



-dt > = / J— ;r-^i, 



o i 2 (i 2 +u 2 + W2) "1 + V27i i 2 ' 



which gives (J5TTSJ). If < u < < M , we write the left hand sides of ([2~TB]) and (|2~T7| 

as 

.3 f u »(*) * , ..3 /"* M »(*) 



u J / — ^dt + u 3 / — ^di. 

Jo t 2 {t 2 +u 2 +utV2) Ju t 2 (t 2 +u 2 + utV2) 

In the first integral we use again t 2 + u 2 + ut\/2 < (2 + \/2)u 2 and n(t) = for 
< t < 1, and in the second integral we use t 2 + u 2 + uty2 < (2 + \/2)t 2 . This 
yields immedeiately the estimates in the lemma. □ 

We now consider the case < a < 1/3. Write c = 2 1 / 3 (1 - 3a)- 1 / 3 and let 
r = [clrN 2 /% s = [<%o-N 2 / 3 ], x = [c N 1 l 3 - a ^ - r 2 )] and y = [coN 1 / 3 ^^ - r 2 )]. 
Below we will ignore the fact that we take the integer parts. In (|2.5p we do the 
rescaling z = c ~ 1 N a ~ 1 / 3 (, w = Cq 1 N a ~ 1 l 3 uj. We will write £J = £ — t 2 , rf = T] — a 2 . 
The integral in (|2.5|) becomes 



1 l\ja— 1/3 r r c —Z'(-v'^ 
(2.18) C JV / dw / d(- e H N+r (*)-H JV _ f .(- a )+H 7 ,_,(«,)-H w+ ,(- U ;) < 

(2ttj) 2 J t J t C + uj 
The estimate (2.9) becomes, z = ue ±47r / 4 = c 1 N a - 1 / 3 ve ±l7r / 4 , 

log e -e'C+ffw+r(2)-HjV-r(-2) 



<--^-V2u 3 — ^dt 



V2 7o i 2 (i 2 + u 2 + W2) 

2.19 <-^-=-V2u 3 ^ ^d< 

V ; " y/2 Jo t 2 {t 2 +u 2 +utV2) 

if N is sufficiently large. If u > (N/2) a , then the last expression in (|2.19p is 
< -£'v/V2v - Cc 1 N a - 1 ' 3 v((N/2) 1 - a - 1) < -C*'7V 2/3 i; 
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for some constant C > if N is sufficiently large and £, t belong to a compact set. 
If (N/A) a <u< (N/2) a , then the last expression in (2.15) is 

< -£'v/V2-C(l - - 1) < -C'N 2 / 3 v, 

and if < u < (N/4) a it follows from (|2~TC)l that the last expression in (|2?nS|) is 
< -£'v/V2v - CN 1 ' 3 ^ 3 < -£'v/V2v - C"v 3 . It follows from these estimates, 
that we can restrict the integration in (|2.18p to < v < N 1 , for any 7 > 0, with a 
negligible error in the limit N — > 00. 
By (12.17[) we can write 

H N+r (z) - H N -r(-z) = (N + r)logE(-z/t N+r ;3) - (N - r) log E(z/t N - r ; 3) 

-lf c ( 2 ) - c ( 2 ) W2 + i f (3) _ (3) S3 

(2.20) +z *[ tN+r ^ dt _ z *[ tN -^) dt 



/„ t\t + z) Jo t^t-z) 

We choose < 7 < min(l/12, 1/3 - a). Now, c% ] +r - c$_ T ~ 2r/N 2a and c (3) +r - 
c { N-r ~ 4N 1 - 301 as N -> 00. Hence, 

_If c (2) _ c ( 2 ) W2,i f (3) _ (3) vj _ rt 2 + l t 3 

as AT -> 00. Note that \z/t N+r \ < CiV 7-1 / 3 < 1/2 if AT is large enough. Hence, it 
follows from (|2.1[) that 

\(N + r) log E(-z/t N+r ; 3)| < 2(7V + r)| - z/t N+r \ A < CN^" 1 / 3 , 

which — > as A" — > 00 since 7 < 1/12. 

We have, for t > 1 and AT sufficiently large, 

l* + *l > 1*1 - N > 5 1*1 + ~ - c^n^M > l\n 

since N a ~ 1 / 3 \v\ < N a - l / 3+ '< -> as AT -> 00. Because n(t) = if t < 1, we see 
that 



JV + r 



"(<) 



(JV+r) = 

< Civ 4 Q -4/3+4 7 / t^ a - 5 dt 



z 4 I dt 

Jo t\t + z) 

which — > as A" — > 00. The second integral in (12.20|) is analogous, and we can treat 
Hn_ s (w) — Hn +s (—w) in exactly the same way. 
We have proved that 

lim c iV 1 /3-^ w ([ c 2 TA r2/3 ]! [ + CqN ^-^ _ T 2 )]- 
[c 2 aN 2 '% [c N , r + coN 1 ' 3 -*^ - a 2 )}) 

(2.21) = / dw / d( — e 

Note now that we have the identity 

Iff e -^- r,LO 

— — — du> dC— e 

(27ri) 2 7 r 7r C + ^ 

(2.22) = e2(^-T*)/3-Hnj-fT / e (^-r)A Ai ^ + T 2 + ^ M + ff 2 + 



-rC 2 +C 3 /3+ctw 2 +w 3 /3 
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To see this observe that for Re (£ + u) > we have 

r°° 1 
Jo ( + u 

Hence, the left hand side of (|2~2"2"]) can be written 



Let T' consist of the two rays -I^ and T' 2 , where ri : i -> te 3 ™ /4 and ri : i -> te™/ 4 , 
i > 0. The change of variables £ = — iz gives 

J_ / e -««+^)-C 2 +< 3 /3 rfc = — / e -(«+A)+- 2 +- 3 /3 dz 
27ri J r 2ni J T , 

= e -2r 3 /3-«+A)r Ai(e + A + r2)) 

and we obtain (|2.22[) . 

Suppose next that r < s and consider </v iS . Set d^v = co-ZV 1 / 3- ". Then 

If A 

d N iprA d Nt) = — / e iM F Nt7 . iS (—)dX, 



2tt J r ' ' cZ/v 

where -Fjv.r.s is given by (|2.13p . We have that 

log-FjV.r.sC-J— ) = —HN- r (———) + ffjv_ s (— — ) — Hn+ s (-]—) + HN+ r (——). 

Ctjv "JV Ujv OJV "iV 

It follows from (|2 . 20[) and appropriate estimates similar to the ones above that, for 
a > t, 

lim F Nrs (— ) = -(er - t)A 2 

AT— >oo cfjv 

and also that we have an estimate 



d,N 



if N is sufficiently large. Thus 

lim d N ^ s {d N t) = 1 e -t 2 /^-). 

Since, 4>r,a(% + cjsr <r , y + cn,s) = ipr.s(y — x), we obtain 

lim 4> [c 2 NV3] , c 2 TN 2 /3] {[c N ,r + c iV 1/3 - a £], [c N , r + cqN 1 ^-"^) 

N — * OO u J 

(2.23) = 1 P -* 2 /4( CT -r) 

V4tt(ct - t) 

If we combine (f2~^ - ([2~23]) we get (jL~22j) . since, [13], 

-A(r-.) Ai (£ +A)Ai (??+A ) dA = 1 p -(e-^/4( CT -r)-( CT -r)(^)( g -r)3/12 

^4^(0- - r) 

The case a = 1/3 is treated similarly. We replace djv = co-ZV 1 / 3- ™ with (21ogiV) 1 / 3 
and A™ with (logA^) 1 / 4 . 
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2.2. The identity ()1.27|) . In this section we will discuss the identity ljl.27jl . Write 
g = 4>\ + 4>2 + 4>i<f>2- We have 



(2.24) Tr(Kg) m = / g{x l )K{x l ,X2)g{x 2 )K{x 2 ,x z ) . . . g{x m )K{x miXl )d m x 

Jk.™ 

and 

Tr (K cxt (j)) m = ^2 / c Pii(xi)K ilM (x 1 ,x 2 )(l}i 2 (x2)K l2M (x2,X3) 

ii,...,i m = l,2^ Rm 

(2.25) . . . (p ifn (x m )Ki mtil (x m , xi)d m x, 
where we have written 

(2.26) K^x, y) = K{x, y) - S(x - .,/;,,,,. 

If we insert g = 4>i + (j) 2 + (j>i(j>2 into (|2.24p we can at each position choose <j>i, <j) 2 
or 4>i4>2- Choosing <pi or (f>2 corresponds exactly to the summation over i = 1,2 
for a factor </>j in (|2.25p . If we choose <fii4>2, this must correspond to the (5-function 
contribution when we insert (|2.26|) into (|2.25p . Note that when we insert (|2.2G|) 
into the product in (]2 . 25[) we do not get any contribution from two consecutive 
(5-functions, since Tji^Tji^ — for all choices of ii,t2,i3- This means that we only 
get pairs 4>i4>2 in (|2.25|) just as in (|2.24|) . If we have r factors of the type <pi(t>2 in 
(|2.24| we can place them in the product in different ways. This must come 
from taking r S- functions in Tr (i^ oxt 0) m+r . 

Hence to show that the left and right hand sides of (|1.27[) are equal we must 
show that the signs and the combinatorial factors agree. The signs are easy, since 
the sign in front of Tr (K ext <fi) m+r is (— l)" l + r_1 and the sign from the (5-functions 
is (— l) r . This gives (— l) m_1 which is the sign in front of Tr (Kg) m . 

The coefficient in front of the expansion of the expression (|2.24[) with r factors 
0102 is \)- The factor in front of Tr (K ext 4>) m+r is l/(m + r) and hence we 
must show that the number of ways of placing the r (5-functions must be 

(2.27) nt± 







fm — 


I) 


)= 


: - 







Recall from above that we cannot have two consecutive (5-functions in the expression 
(|2.25[) for the trace since this gives a zero contribution. The circular structure of 
the trace means that we have the following combinatorial problem: Coose r points 
on the discrete circle with m + r points in such a way that the distances between 
the chosen points are all > 2. We must show that the number of ways this can be 
done equals the expression in (|2.27[) . 

Number the points as 0, 1, . . . , m + r — 1 and count modula m + r. Let c be 
the first point that is included and let i\, . . . ,£ r -i be the distances between the 
included points. We get two contributions. 

1) If c = we get 

E 

h-i \-i r -i<m+r-2,ti>2 

since we cannot choose the last point. 

2) If c ^ we get 

m — r+1 

E E 

c=l £ X H \-l r _ 1 <m+r-l-c,^ i >2 
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r-2 



r + p — 2\ /to — c 
r-2 / V r- 1 



Write & = A* + 2. Then 

(2.28) ^ 1= E L 

£H h£r-i<m+r-l-c,£i>2 feiH hfer- i<-m-r+l-c,fei>0 

We now use the identity 

feiH hfe,.-i=P,fci>0 

Hence, the expression in (|2 . 28[) equals 

m— r +1— c 

E 

by the identity 

+ fc\ /n + to + 1 



(2.29) £ 



n I \ n + 1 



m — c \ /to 
r — 1 / V r 



fc=o 

This now shows that the expression in 1) is ( m Ti)- The expression in 2) equals 

m— r+1 

E 

c=l 

by (I2.29| . This completes the argument. 

Acknowledgement: I thank Peter Forrester for bringing up the problem on the 
properties of extended processes when we have decaying parameters during a visit 
to Stockholm and for interesting discussions. 
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